Isotropic phase-number squeezing and macroscopic quantum coherence 
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A new master equation performing isotropic phase-number squeezing is suggested. The phase properties of coherent 
superpositions are analyzed when the state evolves in presence of a bath with fluctuations squeezed in this isotropic way. 
We find that such a reservoir greatly improves persistence of coherence with respect to either a customary thermal bath, or to 
an anisotropically squeezed phase-sensitive bath. 
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I. INTRODUCTION 

Recently, much attention has been focused on quantum 
interference effects for superpositions of macroscopically 
distinguishable states Elfl, with attempts of observing 
nonclassical features at a macroscopic level 0-^- Con- 
siderable effort has been devoted to the investigation of 
the influence on macroscopic superpositions due to dissi- 
pation, which rapidly destroys quantum coherence, and 
makes quantum effects non detectable in practice [p^-p^ . 

With the aim of reducing the effect of dissipation on a 
macroscopic superposition, Kennedy and Walls have 
studied the time evolution of an initial superposition of 
coherent states for a single mode of the field interacting 
with a bath having squeezed fluctuations p6[ . They have 
shown that when the fluctuations are squeezed in the 
right quadrature a squeezed bath becomes more efficient 
than a thermal one in preserving interference fringes in 
the output photocurrent of a homodyne detector. More 
recently, Buzek, Kim and Gantsog have investigated 
the phase properties of quantum superpositions of two co- 
herent states under squeezed amplification, showing that 
a suitable phase-sensitive amplifier is able to preserve 
the phase distribution of the input state (Schrodinger- 
cat state p^ . 

In Rcfs!~0 and g| a superposition of two coherent 
components is considered as a test quantum superposi- 
tion. In this case the quantum state itself determines 
a privileged direction — the line joining the two peaks in 
the complex plane — which selects the quadrature suited 
to squeezing. Nevertheless, superpositions of macroscop- 
ically distinguishable states can be formed by more than 
two states. For example, during the time evolution of 



an initial coherent state in a Kerr medium [0, one can 
have superpositions of three, four, and even more coher- 
ent states. For this reason, in this paper we suggest a new 
master equation for "isotropic" phase-number squeezing, 
which is much more efficient in preserving coherence of 
any general superposition compared to an anisotropic 
squeezed bath. We analyze coherence by observing the 
phase (quasi)probability that is marginal of the Wigner 
function M-EOl 



P(0)= / rW{re"^,re-"^)dr 
Jo 



where the Wigner function is defined by 



W{a,a*)^ I —e- 



(1) 



(2) 



and p is the density matrix of the system. We will com- 
pare numerical results for the time evolution of an initial 
superposition state in the cases of isotropic, directional, 
and vanishing squeezing, concluding that the isotropic 
squeezing is much more effective in preserving the peak 
structure of the phase distribution than the other two 
cases. 

This paper is organized as follows: In Section O we 
introduce the model and the master equation. In Sec. |ll 
we show the results of numerical integration in terms of 
P{(j)) and of the Wigner function. Section IV concludes 
the article with a short discussion and some remarks. 



II. THE MASTER EQUATION 

The master equation for the reduced density operator 
of a single field mode in a squeezed bath can be derived 



from the knowl edg e of the correlation functions of the 
bath operators |2l| ] . In the interaction picture and in the 
rotating wave approximation one obtains 

— = jiN + l)(2a/5a' — a^ap — pa' a) 



+ 'yN{2a* pa — aa* p — paa') 

- jM{2a'^pa^ 

— jM*{2apa — aap — paa) 



a* a^ p — pa* a*) 



(3) 



where a^a'^ are the boson annihilation and creation op- 
erators of the mode, 7 is the damping constant, and 
M = \M\e^^ is the squeezing complex parameter satisfy- 
ing |Mp < A^(A^ + 1). For M — the reservoir reduces to 
an usual thermal bath and N becomes the mean number 
of thermal photons; for |M p — N{N + 1) the squeez- 
ing is maximum. The master equation (0) describes a 
situation in which the noise transferred to the system 
increases quadrature fluctuations in one direction more 
rapidly than in the other ones. The choice of the squeez- 
ing direction is determined a priori by the phase V' of the 
squeezing parameter M . In this sense the master equa- 
tion (y) represents an "unidirectionally" squeezed bath. 
In order to obtain an "isotropic" squeezing we modify 
Eq. ^ in such a way that the phase of M is dynamically 
shifted as a function on the phase of the field. For highly 
excited states p the phase factor of the state can be ap- 
proximately given by the following expectation value 



„±H 



Tr[e^p] , 



where e and e"*" = (e )t are the shift operators 



= (aat) 



-1/2, 



s+ -„t 



at(aat)-i/2 ^ 



acting on the Fock space as follows 



1 



\n) = \n-l) 



(4) 



(5) 



(6) 



This suggests using e^ as dynamical phase factors in the 
master equation. As the phase of squeezing rotates at 
double frequency than the average field, the shift opera- 
tors should appear in pairs in the squeezing part of the 
Liouvillian (B). This last observation, along with the re- 
quirement of an isometrical master equation (which must 
preserve normalization of p) leads us to consider the fol- 
lowing substitutions in the squeezing term of Eq. (0) 

(7) 



.t 



e a* 



ae 



Taking into account the following operator identities 

/3 n I 



ae 



^/fi + l 



(8) 



the substitutions (0) suggest changing the master equa- 
tion (0) into the form 

dp 



dt 



j{N + l)(2apa' — a'ap — pa* a) 

+ jN{2a' pa — aa* p — paa^) 
- 2-f^{M)[2Vn + IpVn + 1 

- {n + l)p- p{n + l)] . 



The master equation (M) here derived in a heuristic way 
could represent a feedback-driven thermal bath which de- 
tects the phase of the state dynamically. As we will see, 
the relaxation (y) is very effective in preserving coher- 
ence, and thus a more fundamental derivation of (0) is 
motivated (work is in progress along this line). Notice 
that the stationary solution of Eq. (g) is still the ther- 
mal distribution, but the decay of the off-diagonal terms 
is achieved for longer times. 

The time evolution of an initial coherent state |ao) — 
1 4.0) is given in Fig. Il| for two different values of M. 
Here the Wigner function and the phase distribution 
P(0) are plotted at i = 0.1 7"^ for TV = 10 and M = 
±^yN{N + 1) [actually, M now becomes a real param- 
eter, because its imaginary part does not contribute in 
(^)]. It is evident that the effect of the isotropic squeez- 
ing corresponds to phase-squeezing for M > 0, and to 
number-squeezing for M < 0. Due to dissipation, in 
addition to squeezing the Wigner function also moves 
slightly towards the origin of the phase space. In Sect. Ill 
we will study the time evolution of a superposition of 
three coherent states (generated via Kerr effect), and we 
will analyze the persistence of phase coherence of the 
state. 



III. PERSISTENCE OF PHASE COHERENCE 

The Kerr nonlinearity in quantum optics is probably 
the best candidate to produce quantum superpositions of 
macroscopically distinguishable states. In Ref. |g], Yurke 
and Stoler investigated the time evolution of an initial 
coherent state propagating through such an "amplitude- 
dispersive" medium which is described by the Hamilto- 



H = uj{a'ia) + n{a'iaY 



(10) 



They showed that the state vector is periodic with period 
27r/r2 and that during a period the state evolves passing 
through symmetrical superpositions of k coherent states 
at times t = n/kil (for not too large k). 

For a superposition of two coherent states (symmetri- 
cal with respect to the origin) there is no difference be- 
tween isotropic and anisotropic squeezing. Therefore we 
are interested in the simplest superposition with more 
than two components, namely the state obtained for 
t = 7r/3f^ 
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-*"/^|aoe"/3)+e"/2|-ao) 



e-"/«|aoe-'"/3) 



(11) 



(9) 



In Fig. the contour plot of the Wigner function cor- 
responding to the state ( [ll| ) is given for ao = —4.0. In 
the following the phase properties of the time evolution 
of the state \(j))3, according to the master equation (O) are 



investigated, and the results are compared with those 
obtained with the same initial state for thermal bath — 
Eq. (g) with M = — and for anisotropically squeezed 
bath— Eq. (|) with M^ = iV(iV + 1). The time evo- 
lution has been integrated numerically, and the Wigner 
function has been obtained using fast Fourier transform 
techniques. 

In Fig. H the time evolved Wigner function and P{(t>) 
are given for isotropic squeezing M = ^/N{N+l) and 
N = 30; in Fig. |^ and Fig. Q for comparison the two 
distributions are plotted at the same evolved times, but 
for anisotropic squeezing and thermal bath, respectively. 
The effectiveness of Eq. (^) in preserving coherence is 
evident. For isotropic squeezing the phase distribution 
P{4>) survives for much longer times, and the three peaks 
remain identical each other for all times. On the contrary, 
for anisotropic squeezing the central peak is the only one 
surviving at long times, whereas the other two ones are 
smeared out. Notice that the height of the central peak 
for anisotropic squeezing is greater than that of the three 
peaks for isotropic squeezing at the same times: such 
survival of coherence in the directional case, however, 
is fortuitous, being strongly dependent on the direction 
of squeezing with respect to the angular shape of the 
Wigner function in the complex plane. 

In concluding this section, we notice that the effect of 
vacuum component of the squeezed bath in washing out 
quantum interference is stronger for lower values of N 
and M = y/N{N + 1). In Fig. || this is shown for A^ = 3, 
where at jt = 0.01 the interference patterns are weakly 
visible, whereas at •jt = 0.02 they are already totally 
absent. These plots should be compared with those in 
Fig. pi which correspond to much longer times. 



IV. SUMMARY AND CONCLUSIONS 

In this paper we have suggested a new master equation 
which squeezes states isotropically in the complex plane. 
This novel kind of squeezing turns out to be very effective 
in increasing the persistence time of coherence, indepen- 
dently on the quantum state. This suggests an improved 
scheme of detection and generation of Schrodinger-cat 
states, based on isotropically squeezed reservoirs. The 
master equation of the isotropically squeezed bath has 
been derived heuristically: a suitable feedback mecha- 
nism should now be envisaged, which supports this new 
type of dissipative dynamics. 
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FIG. 1. The efi^ect of isotropic squeezing [master equa- 
tion (bl)] for positive and negative values of M on a coher- 
ent state with ao ~ 4. Contour plots of the Wigner func- 
tion and P{4>) distribution evolved in time for A'^ = 10 and 

|M| = y/N{N+l). 
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FIG. 2. Contour plots of the Wigner function and P{<j)) 
distribution evolved in time for initial state (|ll[), and for 
isotropic squeezing [master equation (bl)]. Here N = 30, 
M = ^N{N + i) and qq = -4. 



FIG. 3. As in Fig. ti, but for anisotropic squeezing [master 
equation (0)]. 



FIG. 4. As in Fig. Q, but for customary thermal bath 

{M = 0). 



FIG. 5. As in Fig. |[ but for iV = 3 and different times. 
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Fig.l G. M. D'Ariano, M. Fortunato, and P. Tombesi 
Isotropic phase— number squeezing and ... 
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Fig.S G. M. D'Ariano, M. Fortunato, and P. Tombesi 
Isotropic phase— number squeezing and ... 
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Fig. 3 G. M. D'Ariano, M. Fortunato, and P. Tombesi 
Isotropic phase— number squeezing and ... 
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Fig. 4 G. M. D'Ariano, M. Fortunato, and P. Tombesi 
Isotropic phase— number squeezing and ... 
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Fig. 5 G. M. D'Ariano, M. Fortunato, and P. Tombesi 
Isotropic phase— number squeezing and ... 



